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From the analysis of light (anti)nuclei multiplicities that were measured recently by
the ALICE collaboration in Pb+Pb collisions at the center-of-mass collision energy√
sNN = 2.76 TeV there arose a highly non-trivial question about the excluded vol-
ume of composite particles. Surprisingly, the hadron resonance gas model (HRGM) is
able to perfectly describe the light (anti)nuclei multiplicities under various assumptions.
Thus, one can consider the (anti)nuclei with a vanishing hard-core radius (as the point-
like particles) or with the hard-core radius of proton, but the fit quality is the same for
these assumptions. It is clear, however, that such assumptions are unphysical. Hence
we obtain a formula for the classical excluded volume of loosely bound light nuclei con-
sisting of A baryons. To implement a new formula into the HRGM we have to modify
the induced surface tension concept to treat the hadrons and (anti)nuclei on the same
footing. We perform a simultaneous analysis of hadronic and (anti)nuclei multiplicities
measured by the ALICE collaboration. The HRGM with the induced surface tension
allows us to verify different assumptions on the values of hard-core radii and different
scenarios of chemical freeze-out of light (anti)nuclei. It is shown that the unprecedentedly
high quality of fit χ2tot/dof ' 0.769 is achieved, if the chemical freeze-out temperature
of hadrons is about Th = 150 MeV, while the one for all (anti)nuclei is TA = 174−175.2
MeV.
Keywords: Hadron resonance gas; classical excluded volumes; composite clusters; in-
duced surface tension.
PACS numbers: 25.75.Ag, 24.10.Pa
1. Introduction
After almost four decades of experiments on heavy ion collisions (HIC) which
are aimed at the investigation of the phase diagram of quantum chromodynam-
ics (QCD) it seems that only the low density phase of QCD known as the hadron
2
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matter is well understood. However, a few puzzles emerged recently from the mea-
surements of light (anti)nuclei yields made by the ALICE collaboration in Pb+Pb
collisions at the center-of-mass collision energy
√
sNN = 2.76 TeV.
1–3 The very
fact that the light (anti)nuclei with binding energies of an order of a few MeV are
produced at all in such violent collisions is very surprising. These data and their
analysis performed within the simplest versions of the hadron resonance gas model
(HRGM)4,5 faced HIC community with the following principal questions:4–6
(i) What is the mechanism of production of deuterons (d), helium-3 (3He), helium-4
(4He) and hyper-triton (3ΛH) and their antiparticles in relativistic HIC?
(ii) What is the thermalization mechanism of such nuclear clusters?
(iii) At what temperature does their chemical freeze-out (CFO) occurs?
Apparently these questions are closely related to each other, but to answer them
one has to correctly answer the third of them first. The problem, however, appears
due to the fact that the excluded volumes of light nuclei are not known. Therefore,
the naive assumption of Ref. 5 that the hard-core radius of nuclei coincides with the
proton one is absolutely unphysical. A more elaborate version of the HRGM7 based
on the concept of induced surface tension8,9 demonstrated that the description of
light (anti)nuclei can be achieved, if their CFO temperature is about 170 MeV, i.e.
it is about 10% higher than the CFO temperature of hadrons.8,9
However, the results of Ref. 7 were obtained using an approximate expression
for the hard-core radius of light (anti)nuclei. Therefore, here we derive the correct
expression for the classical excluded volumes of light (anti)nuclei and hyper-nuclei,
modify the HRGM with induced surface tension and apply it to an analysis of the
CFO temperature of such nuclei measured by the ALICE Collaboration.1–3
The work is organized as follows. In Sect. 2 we remind the main ingredients
of the HRGM based on the induced surface tension concept and briefly discuss
the recent results obtained with HRGM with multicomponent hard-core repulsion
among hadrons. Sect. 3 is devoted to a heuristic derivation of the new EoS which
treats the hadrons and nuclear clusters on the same footing. In Sect. 4. we present
our analysis of the ALICE data1–3 on yields of nuclear clusters. Our conclusions
are summarized in Sect. 5.
2. Hadron Resonance Gas Model with Induced Surface Tension
The most advanced and successful version of the HRGM with induced surface ten-
sion8,9 employs the Boltzmann statistics for all hadrons and (anti)nuclei. Note, that
such an approximation is well justified at the CFO temperatures above 50-60 MeV
and it essentially accelerates the fitting process. In the standard variables of grand
canonical ensemble the HRGM with induced surface tension is a system of two
coupled equations for the pressure p and for the induced surface tension coefficient
April 14, 2020 2:26 Talk at ICNFP2019 Bugaev˙ICNFP2019˙1
4
Σ:
p =
N∑
k=1
pk = T
N∑
k=1
φk exp
[
µk − Vkp− SkΣ
T
]
, (1)
Σ =
N∑
k=1
Σk = T
N∑
k=1
Rkφk exp
[
µk − Vkp− SkαΣ
T
]
. (2)
Here pk and Σk are, respectively, the partial pressure and partial induced surface
tension coefficient of the k-th sort of particle, while Vk =
4
3piR
3
k denotes its proper
volume, Sk = 4piR
2
k is its proper surface and Rk is its hard-core radius. The thermal
density of particle of mass mk, degeneracy gk and chemical potential µk is φk(T ) =
gk
∫
dp3
(2pi~)3 exp
[
−
√
p2+m2k
T
]
.
The coefficient α = 1.258,9 allows one to go beyond the second virial coefficient
approximation and to correctly consider the high values of packing fractions up to
η ≡ ∑k 43piR3kρk ' 0.2 − 0.22. It is highly nontrivial, that a single parameter α
allows one to correctly reproduce the third and the fourth virial coefficient of the
classical hard spheres.8–12 Therefore, such a version of HRGM allows one to access
the high values of particle number densities for which the HRGM based on the
usual Van der Waals approximation13 is entirely wrong.
Using the partial values pk and Σk one can write the particle number density
of k-th sort of particle as
ρk ≡ ∂p
∂µk
=
1
T
· pk a22 − Σk a12
a11 a22 − a12 a21 , (3)
where the coefficients akl are defined as
a11 = 1 +
4
3
pi
∑
k
R3k
pk
T
, a12 = 4pi
∑
k
R2k
pk
T
, (4)
a21 =
4
3
pi
∑
k
R3k
Σk
T
, a22 = 1 + 4pi
∑
k
R2kα
Σk
T
. (5)
Then using Eqs. (3)-(5) one can find the absolute thermal yield N thk = V ρk of
particles and their thermal ratios Rthkl = N
th
k
Nthl
. For the known branchings Brl→k of
hadronic decays l→ k one can determine the total yield of k-th sort of hadrons as
N totk = V
ρk +∑
l 6=k
ρlBrl→k
 , (6)
where V is the CFO volume. Since all details of the fitting process are well docu-
mented, we refer to the original works.8,9
Another great advantage of the induced surface tension approach is that the
number of equations for pressure p and induced surface tension coefficient Σ is
always two and it does not depend on the number of different hard-core radii. This
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advantage essentially reduces the CPU time of the fitting process, in the number
of different hard-core radii is larger than 3.
It is necessary to stress that the high quality of description of the experimental
multiplicities measured at AGS BNL, SPS CERN, RHIC BNL and LHC CERN ac-
celerators was mainly achieved by the HRGM with the multicomponent hard-core
repulsion,8,9, 14–16 i.e. with several hard-core particles of hadrons. After the differ-
ent hard-core radii of pions Rpi, kaons RK , of other mesons Rm and baryons Rb
were implemented into the HRGM and used to describe the experimental hadronic
multiplicities in Ref. 15, the HRGM became a reliable and extremely successful tool
of HIC phenomenology to extract the parameters of chemical freeze-out of high en-
ergy nuclear collisions, i.e. the moment after which the inelastic reactions stop to
exist, while the hadronic matter evolution is governed by the elastic reactions and
the decays of resonances.13 The HRGM with multicomponent repulsion not only
allowed us to achieve the highest quality of the hadronic multiplicity description
with the smallest values of χ2/dof being in the range between 0.9616 and 1.1,9
but it also allowed us for the first time to simultaneously describe the peaks in
the collision energy dependence of K+/pi+ and Λ/pi− ratios without spoiling the
other hadronic ratios.15 Moreover, the HRGM with multicomponent repulsion al-
lowed us to demonstrate that the γs-factor introduced in Ref. 17 to quantify the
deviation of strange charge from chemical equilibrium is not necessary to describe
the hadronic multiplicities, since they can be perfectly explained by the fact that
the CFO of strange hadrons occurs on a separate hyper-surface compared to the
hadrons consisting of u and d (anti)quarks.18 Note that the hypothesis of separate
CFO of strange hadrons can be justified even, if the hadrons are treated as an ideal
gas.19 More sophisticated scenarios of the CFO of strange particles can be found in
Refs. 20,21.
Furthermore, the successful description of the experimental hadronic multiplic-
ities allowed us to uncover several irregularities in the energy dependencies of var-
ious thermodynamic and hydrodynamic quantities at CFO which were explained
as possible experimental signals of two QCD phase transitions.22–26 The most re-
markable irregularities include two sets of highly correlated quasi-plateaus found
in22,23 which are located at the collision energy ranges
√
sNN = 3.8− 4.9 GeV and√
sNN = 7.6− 9.2 GeV, and two peaks of trace anomaly δ = (− 3p)/T 4 observed
at the maximal energy of each set of highly quasi-plateaus (here , p and T denote,
respectively, the energy density of the system, its pressure and temperature). Using
the HRGM with multicomponent repulsion it was possible to find out two strong
peaks of the baryonic charge density located at
√
sNN = 4.9 GeV and
√
sNN = 9.2
GeV, i.e. exactly at the collision energies of the trace anomaly peaks.
The hydrodynamical signals, i.e. the highly correlated quasi-plateaus, in the
low collision energy region were predicted a long time ago in Refs. 27, 28 as a
manifestation of the mixed phase with the anomalous thermodynamic properties.
Moreover, the generalized shock adiabat model27,28 allowed us to establish the
one-to-one correspondence between the peak of trace anomaly δ at CFO and a
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similar peak of δ at the generalized shock adiabat22,23 located at the boundary of
the mixed and high density phases. Besides, at CFO the low energy signals are
accompanied by the strong jumps of the pressure p and the effective number of
degrees of freedom p/T 4.22–24 The high energy irregularities are less pronounced
and, hence, their interpretation was given later.25,26
Very recently the advanced versions of HRGM helped us to estimate the number
of the bosonic and fermionic degrees of freedom of the nearly massless matter that is
created in HIC at the collision energies
√
sNN = 6.3− 9.2 GeV which, respectively,
are NB ' 1520 and NF ' 140.25 This finding allowed us to interpret the two sets
of irregularities25,26 as the 1-st order phase transition from normal hadronic matter
to the hadronic matter with partially restored chiral symmetry in the non-strange
sector at
√
sNN = 3.8 − 4.9 GeV and the 2-nd order phase transition (or a very
weak one of the 1-st order) from nearly massless non-strange hadronic matter to
quark gluon plasma (deconfinement) at
√
sNN = 9 − 10 GeV. Remarkably, but a
similar conclusion with very similar threshold collision energies of two QCD phase
transitions was made in Refs. 29, 30 using the most advanced transport approach
known as the Parton-Hadron-String-Dynamic-Model. Moreover, it is necessary to
stress the idea that deconfinement phase transition is of 2-nd order was first sug-
gested not by the lattice formulation of QCD, but by the QCD phenomenology in
Refs. 31,32.
From this extended reminder on the recent findings based on the HRGM with
realistic hard-core repulsion one can see that essential improvement of the data
description always led to a deep insight in the understanding of the QCD matter
properties. Therefore, one can expect that the correct theoretical approach to the
CFO of nuclear clusters in high energy HIC will provide us with extremely valuable
information about the properties of matter from which such clusters are produced.
3. Excluded volumes of light nuclear clusters
The main problem with the excluded volumes of light (anti)nuclei consisting of A
number of baryons (2 ≤ A ≤ 4) is not that they are loosely bound compared to the
typical temperature T ' 150−160 MeV, but that they are the clusters themselves.
Therefore, the usual Mayer procedure to calculate their cluster integrals and the
excluded volumes cannot be used. However, the fact that the small nuclei of A
baryons are roomy clusters, i.e. their radius RA ∼ 1.1(A) 13 fm33 is much larger
than the maximal double hard-core radius of hadrons 2Rm ' 0.84 fm,8,9 allows
one to easily find out the desired excluded volume. Indeed, using this fact one can
freely translate the hadron of hard-core radius Rh around each of the constituent
(baryon of hard-core radius Rb) of a considered nuclear cluster without touching
any other constituents inside this nucleus. Therefore, the resulting excluded volume
(per particle) of a hadron and the nucleus of A baryons can be written as
bAh = A
2
3
pi(Rb +Rh)
3 , (7)
April 14, 2020 2:26 Talk at ICNFP2019 Bugaev˙ICNFP2019˙1
7
where Rb is the hard-core radius of baryons. Unfortunately, one cannot use such
excluded volumes in the system (1)-(5) and, therefore, our first task is to simplify
Eq. (7).
From Eq. (7) one can find the equivalent hard-core radius ReqAh of a pair Ah
by equating two excluded volumes 23pi(R
eq
Ah)
3 = bAh. Then we get the equivalent
hard-core radius as
ReqAh = A
1
3 (Rb +Rh) , (8)
which can be used to determine the effective hard-core radius of a nucleus in a
medium completely dominated by pions
RA ' ReqApi −Rpi ' A
1
3Rb + (A
1
3 − 1)Rpi ' A 13Rb . (9)
Such an approximation is well justified by the fact that pions are the most abundant
particles at ALICE collision energy and their hard-core radius Rpi ' 0.15 fm8,9 is
substantially smaller than Rb = 0.365 fm. Even for A = 4 the correction (A
1
3 −
1)Rpi ≤ 0.088 fm neglected in Eq. (9) is very small compared to the effective hard-
core radius of nuclei RA ' A 13Rb. Nevertheless, to verify the validity of the HRGM
(1)-(5) with the approximate expression (9) below we derive an alternative EoS
which employes the true excluded volumes (7).
Our derivation of the alternative EoS is based on the heuristic approach of Ref.
34. In the variables of the grand canonical ensemble the pressure of the mixture of
gases of hadrons and nuclear clusters can be written as (cluster expansion)34
p ' T
∑
h
φ˜h + T
∑
A
φ˜A − T
∑
h
∑
h′
φ˜hbhh′ φ˜h′ − 2T
∑
h
∑
A
φ˜hbhAφ˜A. (10)
The first two terms on the right hand side of Eq. (10) represent the pressure of ideal
gases of hadrons and nuclei, while the other terms describe the hard-core repulsion
between all particles. The excluded volumes of hadrons are given by the expression
bhh′ =
2
3pi(Rh +Rh′)
3, while the excluded volumes bhA are defined by Eq. (7). The
last term in Eq. (10) accounts for the excluded volumes bAh = bhA as well, but it is
doubled to shorten the notations. Evidently, the hard-core repulsion between two
nuclear clusters can be neglected due to their low particle number density.
To simplify the evaluation in Eq. (10) we introduced the particle number density
of the ideal Boltzmann gas of sort n as
φ˜n = gn
∫
dk3
(2pi~)3
exp
[
µn −
√
p2 +m2n
T
]
. (11)
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Substituting into Eq. (10) the expressions for the excluded volumes, one finds
p ' T
∑
h
φ˜h + T
∑
A
φ˜A − T
∑
h
∑
h′
φ˜h
2
3
pi
[
R3h + 3R
2
hRh′ + 3RhR
2
h′ +R
3
h′
]
φ˜h′ −
−T
∑
h
∑
A
φ˜h
4
3
pi
[
R3h + 3R
2
hRb + 3RhR
2
b +R
3
b
]
Aφ˜A ' (12)
' T
∑
h
φ˜h + T
∑
A
φ˜A − T
∑
h
φ˜h
4
3
piR3h
[∑
h′
φ˜h′
]
− T
∑
h
φ˜h4piR
2
h
[∑
h′
Rh′ φ˜h′
]
−
−T
∑
h
φ˜h
4
3
piR3h
[∑
A
Aφ˜A
]
− T
∑
h
φ˜h4piR
2
h
[∑
A
RbAφ˜A
]
−
−T
∑
A
φ˜A
[
4
3
piR3bA
[∑
h′
φ˜h′
]
+ 4piR2bA
[∑
h′
Rh′ φ˜h′
]]
. (13)
Regrouping in Eq. (13) the terms with partial pressure of ideal gas pi ∼ T φ˜i and
the partial coefficient of induced surface tension of ideal gas Σi ∼ TRiφ˜i, where
Ri = {Rh, ARb}, one can write
p ' T
∑
h
φ˜h ×
×
[
1− 4
3
piR3h
(∑
h′
φ˜h′ +
∑
A
Aφ˜A
)
− 4piR2h
(∑
h′
Rh′ φ˜h′ +
∑
A
RbAφ˜A
)]
+
+T
∑
A
φ˜A
[
1− 4
3
piR3bA
(∑
h′
φ˜h′
)
− 4piR2bA
(∑
h′
Rh′ φ˜h′
)]
. (14)
Recalling that at low particle number densities the pressure can be approximated
by the ideal gas term, one can rewrite Eq. (14) as the following system
p ' T
∑
h
φ˜h
[
1− 4
3
piR3h
(
p
T
+
∑
A
(A− 1)φ˜A
)
− 4piR2h
Σ
T
]
+T
∑
A
φ˜A
[
1− 4
3
piR3bA
(
p
T
+
∑
A
(A− 1)φ˜A
)
− 4piR2bA
Σ
T
]
, (15)
Σ ' T
[∑
h′
Rh′ φ˜h′ +
∑
A
RbAφ˜A
]
. (16)
Apparently we can safely neglect the small term T
∑
A
(A − 1)φ˜A compared to the
pressure p in Eq. (15). Furthermore, the following modification of the particle num-
ber densities φ˜h and φ˜A
φ˜h → φ˜h exp
[
−4
3
piR3h
p
T
− α4piR2h
Σ
T
]
, (17)
φ˜A → φ˜A exp
[
−4
3
piR3bA
p
T
− α4piR2bA
Σ
T
]
, (18)
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in Eq. (16) will change only the higher order terms of cluster expansion which can
be corrected later on by proper choice of parameter α.12 Taking this into account,
now we can extrapolate the system (15), (16) to high densities as
pv = T
∑
h
φ˜h exp
[
−4
3
piR3h
pv
T
− 4piR2h
Σv
T
]
+ T
∑
A
φ˜A exp
[
−4
3
piR3bA
pv
T
− 4piR2bA
Σv
T
]
, (19)
Σv = T
∑
h
Rhφ˜h exp
[
−4
3
piR3h
pv
T
− α4piR2h
Σv
T
]
+
+ T
∑
A
RbAφ˜A exp
[
−4
3
piR3bA
pv
T
− α4piR2bA
Σv
T
]
, (20)
where the parameter α = 1.245 is introduced to account for higher order classical
virial coefficients as it is shown in Refs. 8,9,12. The subscript v in the quantities pv
and Σv of the system (19), (20) is introduced to indicate that it is obtained from
the excluded volume expression (7) of nuclear cluster of A baryons and a hadron
h. This system can be obtained more rigorously by the Laplace transform method
in a spirit of Ref. 35, but such a derivation is even more complicated than the one
presented above.
The expressions (3)-(5) can be used to calculate the particle number densities of
nuclear clusters for the system (19), (20), if one makes the following replacements
R2A → AR2b and R3A → AR3b in Eqs. (4)-(5).
Rewriting the systems (1), (2) in terms of the effective radius of the nuclear
cluster (9), one obtains
pr = T
∑
h
φ˜h exp
[
−4
3
piR3h
pr
T
− 4piR2h
Σr
T
]
+ T
∑
A
φ˜A exp
[
−4
3
piR3bA
pr
T
− 4piR2bA
2
3
Σr
T
]
, (21)
Σr = T
∑
h
Rhφ˜h exp
[
−4
3
piR3h
pr
T
− α4piR2h
Σr
T
]
+
+ T
∑
A
RbA
1
3 φ˜A exp
[
−4
3
piR3bA
pr
T
− α4piR2bA
2
3
Σr
T
]
, (22)
where we introduced the subscript r in the functions pr and Σr to signify the fact
that it is obtained using an effective hard-core radius of the nuclear cluster (9).
Comparing the systems (19), (20) and (21), (22), one can see that only the eigen
volumes of nuclear clusters are the same, while the eigen surface 4piR2bA and the
eigen radius RbA of a nucleus of A baryons of the system (19), (20) are larger than
the corresponding quantities of the system (21), (22). Therefore, for the same values
of T and {µk} the partial pressure of such nuclear cluster and, consequently, its
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particle number density, will be smaller for the system (19), (20). In other words,
to obtain the same particle number density of nuclear clusters of A baryons the
temperature or chemical potentials of the system (19), (20) should be larger then
for the system (21), (22). Nevertheless, since the system (21), (22) was obtained
under the reasonable approximation, then for the pion dominated hadronic matter
the results obtained from the EoS (21), (22) should be very similar to the ones
found from the EoS (19), (20). This will be our guideline for the analysis of ALICE
data.1–3
4. Details of fitting procedure
Fig. 1. Left panel. χ2 as a function of the CFO temperature T for the ALICE data: hadrons
only (short dash curve), nuclear clusters only for the EoS (21), (22) (short dashed curve) and
their sum (solid curve). For a comparison the χ2A of nuclear clusters with the vanishing size is
shown by the dotted curve. Horizontal bar on top of the χ2 minimum of nuclear clusters shows
the deviations that correspond to min(χ2) + 1 . Right panel. Same as in the left panel, but for
the EoS (19), (20).
Two formulations of the HRGM with induced surface tension, i.e. R- and V-
approaches, described in the preceding section are applied to describe the whole set
of the ALICE data measured at
√
sNN = 2.76 TeV. Since the hadronic multiplic-
ities are very well described by the HRGM with the induced surface tension with
χ2h/dof ' 10.7/(11 − 1) ' 1.079 here we do not discuss the results of this analy-
sis. The most important assumption used to analyze the ALICE data measured at√
sNN = 2.76 TeV is that all chemical potentials are set to zero.
8,9 More details
describing the HRGM, the analyzed data and the fitting process can be found in
Refs. 8, 9. Hence, here our main attention is payed to the fitting of the nuclear
clusters data1–3 for the centrality 0− 10%.
First we discuss the traditional approach in which it is assumed that the CFO
occurs for all particles simultaneously, i.e. hadrons and (anti)nuclei, are freezing
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out from a single hyper-surface of CFO. Then the total χ2tot(V ) of such a model
(M1 hereafter) is as follows
χ2tot(V ) = χ
2
h + χ
2
A(V ) =
∑
pairs k,l
[Rtheokl −Rexpkl
δRexpkl
]2
+
∑
A
[
ρA(T )V −NexpA
δNexpA
]2
. (23)
Here χ2h and χ
2
A denote, respectively, the properly normalized mean deviation
squared for hadrons and (anti)nuclei. According to Refs. 8, 9 the hadronic part of
χ2tot(V ) contains only the ratios of hadronic multiplicities Rkl, since in this case one
does not need the CFO volume for fitting. Such a fitting procedure has several ad-
vantages and was successfully used in our previous publications.8,9, 15,16,18,21,25,26
It, however, is inconsistent with the (anti)nuclei part of χ2tot(V ) which depends on
the thermal densities of (anti)nuclei of A (anti)baryons and the CFO volume V .
The simplest way to determine the CFO volume V is to use the maximum likeli-
hood method, i.e. for each value of CFO temperature T to find the minimum of
χ2tot(V ) with respect to the CFO volume V and to determine the function V (T )
from the equation
∂χ2tot(V )
∂V = 0. Then the model has two fitting parameters, namely
the CFO temperature and volume. We verified that another way of fitting by intro-
ducing the ratios of (anti)nuclei to the multiplicity of pi+-mesons, like it is done for
the hadronic ratios, provides practically the same result for the CFO temperature,
but, unfortunately, the resulting error for the ratio of multiplicities is larger and,
hence, the resulting χ2tot is slightly smaller.
As one can see from Fig. 1 the minimum of χ2tot for the M1 is achieved at the
same CFO temperature TM1 ' 150.5± 6 MeV for both EoS. This is a consequence
of the fact that the main contribution to χ2tot is defined by the hadrons, since it
strongly increases with increasing TM1. This can also be seen from the both panels
of Fig. 1. However, the model M1R defined by the EoS (21), (22) provides slightly
better value of χ2tot/dof |M1R ' (10.1 + 15)/(11 + 8− 2) = 25.1/17 ' 1.476, where
11 is the number of fitted hadronic ratios, 8 is the number of analyzed data point
for the nuclear clusters. For the model M1V defined by the EoS (19), (20) one finds
that χ2tot/dof |M1V ' (10.1+21)/(11+8−2) = 31.1/17 ' 1.83. Thus, we got a very
strange and surprising result that the more elaborate model describes the same set
of data somewhat worse than the approximative one.
However, if one analyzes the contributions of χ2h and χ
2
A(V ) separately (see Fig.
1), then one finds that their local minima are located at rather different tempera-
tures, but the sum of χ2h and χ
2
A(V ) has a minimum which is located more close
to the minimum of χ2h! Moreover, from Fig. 1 one can see that χ
2
A(V ) has a deep
minimum even for the vanishing size of nuclear clusters, i.e. an existence of such a
minimum is a generic feature of the advanced versions of HRGM. Hence, we con-
cluded that it is worth to verify the hypothesis of separate CFO of hadrons and
nuclear clusters.7 Hereafter such a model is called M2. In this case there are three
fitting parameters, namely the CFO temperature of hadrons Th, the one of nuclear
clusters TA and the CFO volume V of nuclei. For the EoS (21), (22) one finds that
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Fig. 2. Left panel. The yields of nuclear clusters at the CFT temperature T = 168.5 MeV
which corresponds to minχ2A(V ) for the EoS (21), (22): the ALICE data (symbols) vs. theoretical
description (bars). Right panel. Same as in the left panel, but for the EoS (19), (20). minχ2A(V )
corresponds to the CFO temperature T = 189 MeV.
TM2RA ' 168.5 − 2.6 + 6.7 MeV and χ2tot/dof |M2R ' (9.1 + 2.2)/(11 + 8 − 3) =
11.3/16 ' 0.706. In other words, compared to the M1R the mean deviation squared
per number of degrees of freedom of M2R decreased on 50%!
A similar hypothesis verified with the EoS (19), (20) gives us TM2VA ' 189−15+
38 MeV and χ2tot/dof |M2V ' (9.1+2.08)/(11+8−3) = 11.18/16 ' 0.699. The latter
value is very close to the value χ2tot/dof |M2R and, hence, we do not face the problem
of M1. Moreover, as one can see from Fig. 2 an excellent fit quality provided by two
different EoS is very similar. However, at first glance we face two new problems,
namely that the CFO temperatures of nuclear clusters differ essentially from each
other and that the CFO temperature TM2VA is somewhat larger than the cross-over
temperature Tco ' 147− 170 MeV predicted by the lattice formulation of QCD at
vanishing value of the baryonic chemical potential.38,39
Considering the cross-over temperature value one should remember that the
lattice formulation of QCD predicts the temperature of an infinite system. In HIC,
on contrary, the formed systems are small and they have boundary with the vacuum.
Therefore, it is not surprising that the temperature of small systems created in HIC
may be higher than the ones predicted by the lattice formulation of QCD. The
validity of this statement can be seen from the values of CFO temperature found
for the RHIC highest collision energies which are about 170-175 MeV.4,9, 36,37
The problem with different values of CFO temperatures found for M2R and M2V
can also be resolved easily. Indeed, comparing the left and right panels of Fig. 1 one
can see that there is a region of CFO temperatures at which the shallow minima of
χ2A|M2R and χ2A|M2V obeying the following inequalities χ2A|M2R ≤ min(χ2A|M2R)+1
and χ2A|M2V ≤ min(χ2A|M2V ) + 1 do overlap. Note that exactly these inequalities
are used to determine the most probable range of CFO temperature. Hence there
is a narrow region of CFO temperatures TM2A ∈ [174; 175.2] MeV where both EoS
discussed above provide a fit of ALICE data of very similar quality. One can estimate
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the total quality of the fit for TM2A ∈ [174; 175.2] MeV and get χ2tot/dof |M2 '
(9.1 + 3.2)/(11 + 8− 3) = 12.3/16 ' 0.769 which is only about 10% larger than the
best fit of the M2 found above. Thus, both EoS describing the mixture of hadrons
and nuclear clusters agree well with each other for the CFO temperature of nuclear
clusters TM2A ' 174.6±0.6 MeV. This CFO temperature is in remarkable agreement
with the CFO temperature of hadrons found for the highest RHIC energies.4,9, 36,37
5. Conclusions
In this work we found the classical excluded volumes of roomy clusters which can be
used to describe the yields of such nuclear clusters as deuterons, helium-3, helium-
4 and hyper-triton and their antiparticles. From the obtained expression (7) we
deduced an approximate formula (9) for the effective hard-core radius of nuclear
clusters for a pion dominated medium. The main advantages of the formula (9) are
its simplicity and that it does not require an essential modification of the HRGM
based on the induced surface tension concept (R-approach) developed in Refs. 8,9.
However, to verify the validity of such an approach we heuristically derived the
novel HRGM with induced surface tension (V-approach) which employes the true
classical excluded volumes of roomy clusters. By construction the both approaches
should provide similar results for a pion dominated medium.
Using these two approaches we analyzed the ALICE data1–3 on the yields of
nuclear clusters. Our first analysis (the model M1) is based on the traditional as-
sumption that the CFO of hadrons and nuclear clusters occurs at the same hyper-
surface and, therefore, the CFO temperature and volume are the fitting parameters
of such a model. Although the found CFO temeperatures of R- and V-aproaches,
i.e. the models M1R and M1V, agree well with each other, we got a paradox-
ical result, namely that the quality of the description of approximate approach
χ2tot/dof |M1R ' 1.476 is essentially higher than the one χ2tot/dof |M1V ' 1.83 ob-
tained by a more elaborate V-approach. Thus, we faced an alternative: (1) either
to claim that the nuclear clusters cannot be accurately described by the advanced
V-approach and, hence, the description of the nuclear clusters obtained in the over-
simplified versions of the HRGM4–6 is just a kind of illusion, or (2) to abandon the
traditional assumption of a single CFO of hadrons and nuclear clusters.
A close inspection of the χ2A(V (T )) as a function of CFO temperature T showed
us that χ2A(V (T )) of nuclear clusters has a deep minimum located at higher tem-
perature than the CFO one of M1. Hence we verified the model M2 in which the
CFO of nuclear clusters occurs separately from CFO of hadrons. As it was argued
a long time ago,40,41 at temperatures above the pion mass one can naturally ex-
pect an early and simultaneous chemical and kinetic freeze-out for heavy particles,
which do not produce the resonances with pions. In Refs. 40,41 the validity of such
a hypothesis was demonstrated for Ω hyperons and J/ψ and ψ′ mesons. Later on
it was shown18–21 that at the collision energies above SPS ones the CFO of strange
hadrons occurs separately at temperatures higher than for the non-strange ones.
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Thus, our M2 is a natural extension of an early CFO hypothesis. Moreover, intu-
itively it is clear that the compact objects as hadrons and the extended ones as the
nuclear clusters may require different conditions of formation and, hence, our M2
is in line with this expectation.
In the M2 there appears an additional fitting parameter compared to the M1,
i.e. the CFO temperature of nuclear clusters TA. Then we got an opposite situation
than for the M1 that χ2tot/dof |M2R ' 0.706 and χ2tot/dof |M2V ' 0.699 of R-
and V-approaches agree well with each other, but their CFO temperatures are
rather different. As one can see from Fig. 2 both versions of the M2 provide an
unprecedentedly accurate description of nuclear clusters‘ yields. This fact motivated
us to resolve the problem with different values of CFO temperature of nuclear
clusters. It turns out that within a narrow region of CFO temperatures TM2A =
174 − 175.2 MeV the both approaches agree very well with each other, as it was
expected in the first place. Moreover, we found that in this narrow region of CFO
temperatures the description of both approaches is still unprecedentedly accurate
with χ2tot/dof |M2 ' 0.769. These findings are of principal importance for the HIC
phenomenology, since they may shed the light on the mechanism of early freeze-out,
both the chemical and the kinetic one, of nuclear clusters and shake the validity of
fits obtained with oversimplified versions of the HRGM.
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